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Abstract This paper addresses the equivalence between the absence of arbitrage and the
existence of equivalent martingale measures. The equivalence will be established under quite
weak assumptions since there are no conditions on the set of trading dates (it may be finite or
infinite, with bounded or unbounded horizon, etc.) or on the trajectories of the price process
(for instance, they do not have to be right-continuous).
Besides we will deal with arbitrage portfolios rather than free-lunches. The concept of
arbitrage is much more intuitive than the concept of free lunch and has more clear economic
interpretation. Furthermore it is more easily tested in theoretical models or practical
applications.
In order to overcome the usual mathematical difficulties arising when dealing with arbitrage
strategies, the set of states of nature will be widened by drawing on projective systems of
Radon probability measures, whose projective limit will be the martingale measure. The
existence of densities between  the “real” probabilities and the “risk-neutral” probabilities will
be guaranteed by introducing the concept of “projective equivalence”. Hence some classical
counter-examples will be solved and a complete characterization of the absence of arbitrage
will be provided in a very general framework.
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4 Ghsduwphqw ri Exvlqhvv Dgplqlvwudwlrq1 Xqlyhuvlw| Fduorv LLL1
F2 Pdgulg 4591 5;<36 Jhwdih +Pdgulg/ Vsdlq,1
Whohskrqh qxpehu= .670<4957<969/ id{ qxpehu= .670<4957<93:/ h0pdlo= edoedvChps1xf6p1hv1
Sduwldoo| ixqghg e| ￿Frpxqlgdg Dxw￿qrpd gh Pdgulg￿ +uhi= FDP 3:W@335:@5333, dqg Vsdqlvk Plqlvwu|
ri Vflhqfh dqg Whfkqrorj| +uhi= EHF5333 ￿ 46;; ￿ F37 ￿ 36,1Devwudfw
Wklv sdshu dgguhvvhv wkh htxlydohqfh ehwzhhq wkh devhqfh ri duelwudjh dqg wkh h{lvwhqfh ri htxlyd0
ohqw pduwlqjdoh phdvxuhv1 Wkh htxlydohqfh zloo eh hvwdeolvkhg xqghu txlwh zhdn dvvxpswlrqv vlqfh
wkhuh duh qr frqglwlrqv rq wkh vhw ri wudglqj gdwhv +lw pd| eh ￿qlwh ru lq￿qlwh/ zlwk erxqghg ru
xqerxqghg krul}rq/ hwf1, ru rq wkh wudmhfwrulhv ri wkh sulfh surfhvv +iru lqvwdqfh/ wkh| gr qrw kdyh
wr eh uljkw0frqwlqxrxv,1
Ehvlghv zh zloo ghdo zlwk duelwudjh sruwirolrv udwkhu wkdq iuhh0oxqfkhv1 Wkh frqfhsw ri duelwudjh
lv pxfk pruh lqwxlwlyh wkdq wkh frqfhsw ri iuhh oxqfk dqg kdv pruh fohdu hfrqrplf lqwhusuhwdwlrq1
Ixuwkhupruh lw lv pruh hdvlo| whvwhg lq wkhruhwlfdo prghov ru sudfwlfdo dssolfdwlrqv1
Lq rughu wr ryhufrph wkh xvxdo pdwkhpdwlfdo gl!fxowlhv dulvlqj zkhq ghdolqj zlwk duelwudjh vwudwh0
jlhv/ wkh vhw ri vwdwhv ri qdwxuh zloo eh zlghqhg e| gudzlqj rq surmhfwlyh v|vwhpv ri Udgrq sured0
elolw| phdvxuhv/ zkrvh surmhfwlyh olplw zloo eh wkh pduwlqjdoh phdvxuh1 Wkh h{lvwhqfh ri ghqvlwlhv
ehwzhhq wkh ￿uhdo￿ suredelolwlhv dqg wkh ￿ulvn0qhxwudo￿ suredelolwlhv zloo eh jxdudqwhhg e| lqwurgxf0
lqj wkh frqfhsw ri ￿surmhfwlyh htxlydohqfh￿1 Khqfh vrph fodvvlfdo frxqwhu0h{dpsohv zloo eh vroyhg
dqg d frpsohwh fkdudfwhul}dwlrq ri wkh devhqfh ri duelwudjh zloo eh surylghg lq d yhu| jhqhudo
iudphzrun1    	      	 
Wkh h{lvwhqfh ri sulflqj uxohv/ glvfrxqw idfwruv ru vwdwh sulfhv lv fuxfldo lq wkh olwhudwxuh rq fdslwdo
pdunhwv1 Lw lv forvho| uhodwhg wr wkh frqfhswv ri duelwudjh dqg htxloleulxp +vhh/ iru lqvwdqfh/ Fkdp0
ehuodlq dqg Urwkvfklog +4<;6, ru Kdqvhq dqg Mdjdqqdwkdq +4<<:,,1 Kduulvrq dqg Nuhsv +4<:<,
vkrzhg wkh olqn ehwzhhq sulflqj uxohv dqg pduwlqjdoh phdvxuhv1
Vlqfh Kduulvrq dqg Nuhsv +4<:<, hvwdeolvkhg wkh h{lvwhqfh ri pduwlqjdoh suredelolw| phdvxuhv iru
vrph duelwudjh iuhh sulflqj prghov wkhlu uhvxow kdv ehhq h{whqghg lq pxowlsoh gluhfwlrqv/ jhqhudwlqj
wkh Ixqgdphqwdo Wkhruhp ri Dvvhw Sulflqj +khqfhiruwk IWDS,1 Iru lqvwdqfh/ Gdodqj hw do1 +4<<3,/
Vfkdfkhupd|hu +4<<5, dqg +4<<7,/ Ghoedhq dqg Vfkdfkhupd|hu +4<<;, ru Mdfrg dqg Vklu|dhy +4<<;,
surylgh ghhs fkdudfwhul}dwlrqv ri wkh h{lvwhqfh ri pduwlqjdoh phdvxuhv lq gl￿huhqw vhwwlqjv1
Qhyhuwkhohvv d vlpsoh yhuvlrq ri wkh IWDS fdqqrw eh suryhg/ lq wkh vhqvh wkdw wkh duelwudjh
devhqfh lv qrw vx!flhqw wr exlog pduwlqjdoh phdvxuhv li wkh vhw ri wudglqj gdwhv lv qrw ￿qlwh1 Lw zdv
srlqwhg rxw lq Edfn dqg Solvnd +4<<4,/ zkhuh d vlpsoh frxqwhu0h{dpsoh lv surylghg1 Wr ryhufrph
wklv sureohp Fodun +4<<6, lqwurgxfhg wkh frqfhsw ri ￿iuhh oxqfk￿/ idu zhdnhu wkdq wkh frqfhsw ri
duelwudjh1 Wkh devhqfh ri iuhh oxqfk kdv ehhq wkh nh| wr |lhog ixuwkhu h{whqvlrqv ri wkh IWDS/
hyhq lq wkh lpshuihfw pdunhw fdvh +vhh iru lqvwdqfh Mrxlql dqg Ndoodo +4<<8,,1
Dq| iuhh oxqfk fdq eh xqghuvwrrg dv dq ￿dssur{lpdwhg duelwudjh￿ lq wkh vhqvh wkdw lw lv ￿txlwh
forvh￿ wr dq duelwudjh sruwirolr1 Krzhyhu/ lw lv doprvw dq duelwudjh exw lw lv qrw dq duelwudjh/ lw lv
qrw vr lqwxlwlyh dqg lwv hfrqrplf lqwhusuhwdwlrq lv qrw vr fohdu1 Rq wkh frqwudu| lw lv lqwurgxfhg
lq pdwkhpdwlfdo whupv dqg vroyhv d pdwkhpdwlfdo sureohp/ exw fodvvlfdo sulflqj prghov +elqrpldo
prgho/ Eodfn dqg Vfkrohv prgho/ hwf1, xvxdoo| ghdo zlwk wkh frqfhsw ri duelwudjh1
Ehvlghv/ li srvvleoh/ lw pd| eh zruwk wr surylgh ulvn0qhxwudo suredelolwlhv dqg sulflqj uxohv
+pduwlqjdoh phdvxuhv, xqghu vlpsoh dqg phdqlqjixo dvvxpswlrqv/ dv wkh duelwudjh devhqfh1 Wklv
lv lq wkh olqh ri pdq| rwkhuv Uhsuhvhqwdwlrq Wkhruhpv ri Pdwkhpdwlfdo Ilqdqfh1 Iru lqvwdqfh/
wkh uhsuhvhqwdwlrq ri frkhuhqw ulvn phdvxuhv +Duw}qhu hw do1 +4<<<,, ru sulflqj uxohv lq rqh shulrg
lpshuihfw pdunhwv +Fkdwhdxqhxi hw do1 +4<<9,, lv dgguhvvhg e| xvlqj lqwxlwlyh k|srwkhvhv1
Edoe￿v hw do1 +5335, kdyh vkrzq wkdw lw lv srvvleoh wr fkdudfwhul}h wkh duelwudjh devhqfh li wkh vhw
ri wudglqj gdwhv lv frxqwdeoh dqg fdq eh lghqwl￿hg zlwk ,1/ wkh vhw ri qdwxudo qxpehuv1 Wkh| exlow
dq dssursuldwh frxqwdeoh surmhfwlyh v|vwhp +￿?,?MW￿ ri shuihfw suredelolw| phdvxuhv +vhh Pxvldo
+4<;3,, wkdw duh ulvn0qhxwudo iru hdfk ￿qlwh vxevhw i3>4>===>qj￿,11 Wkhq wkh| vkrzhg wkdw wkh
surmhfwlyh olplw ￿ lv ulvn0qhxwudo iru wkh zkroh vhw ri wudglqj gdwhv +,1,/ lq wkh vhqvh wkdw wkh vhw
ri vwdwhv ri wkh zruog dqg wkh sulfh surfhvv pd| eh h{whqghg wr d ￿qhz sulfh surfhvv￿ zklfk lv d
pduwlqjdoh xqghu ￿1 Wkh lqlwldo suredelolw| phdvxuh ￿ dqg ￿ fdqqrw eh htxlydohqw/ dv looxvwudwhg e|
xvlqj wkh frxqwhu h{dpsoh ri Edfn dqg Solvnd1 Krzhyhu/ iru dq| ￿qlwh vxevhw ri ,1/ wkh surmhfwlrqv
ri ￿ dqg ￿ duh htxlydohqw/ dqg wkhuh duh Udgrq0Qlnrg|q ghulydwlyhv lq erwk gluhfwlrqv1 Edoe￿v hw
do1 xvhg wklv surshuw| wr lqwurgxfh wkh frqfhsw ri ￿surmhfwlyh htxlydohqfh￿ ri suredelolw| phdvxuhv1
Wklv sdshu iroorzv wkh dssurdfk ri Edoe￿v hw do1 +5335, dqg h{whqgv wkh dqdo|vlv ehdulqj lq
plqg d pxfk zlghu vfrsh1 Hyhq wkh xvxdo frqvwudlqwv/ dovr lpsrvhg lq wkh olwhudwxuh zkhq ghdolqj
zlwk iuhh oxqfkhv/ duh qr dvvxphg khuh1 Iru lqvwdqfh/ wkhuh duh qr frqglwlrqv rq wkh vhw ri wudglqj
gdwhv +lw pd| eh ￿qlwh ru lq￿qlwh/ zlwk erxqghg ru xqerxqghg krul}rq/ hwf1, ru rq wkh wudmhfwrulhv
ri wkh sulfh surfhvv +iru h{dpsoh/ wkh| gr qrw kdyh wr eh uljkw0frqwlqxrxv,1
Wkh h{lvwhqfh ri ulvn0qhxwudo suredelolwlhv zloo eh vwdwhg e| phdqv ri surmhfwlyh olplwv ri surmhf0
wlyh v|vwhpv ri Udgrq suredelolw| phdvxuhv +vhh Vfkzduw} +4<:6,,/ udwkhu wkdq surmhfwlyh v|vwhpv
ri shuihfw phdvxuhv1 Wkhvh surmhfwlyh v|vwhpv zloo shuplw xv wr eurdghq wkh vhw ri vwdwhv ri qdwxuh
dqg wr jhqhudol}h wkh frqfhsw ri surmhfwlyh htxlydohqfh1
Wkh rxwolqh ri wkh duwlfoh lv dv iroorzv1 Vhfwlrq 5 zloo lqwurgxfh wkh edvlf frqfhswv dqg qrwdwlrqv1
Vhfwlrq 6 zloo vxppdul}h vrph pdwkhpdwlfdo edfnjurxqg wkdw zloo eh riwhq dssolhg1 Vhfwlrq 7 zloo
4wudqvirup wkh sureohp lq rughu wr lqwurgxfh wkh ￿surmhfwlyh sulfh surfhvv￿1 Vhfwlrq 8 zloo eh ghyrwhg
wr surylgh pduwlqjdoh phdvxuhv zkhq wkh vhw ri wudglqj gdwhv lv frxqwdeoh1 Wkh prvw lpsruwdqw
uhvxow lv Wkhruhp 43 dqg jhqhudol}hv wkrvh ￿qglqjv ri Edoe￿v hw do1 +5335,/ vlqfh wkh vhw W ri wudglqj
gdwhv grhv qrw kdyh wr eh vlplodu wr ,1 +iru h{dpsoh/ W fdq htxdo wkh vhw ri qrq0qhjdwlyh udwlrqdo
qxpehuv ru/ pruh jhqhudoo|/ W fdq kdyh dgkhuhqw srlqwv/ dqg hyhu| dgkhuhqw srlqw pd| ehorqj wr
W ru wr lwv frpsohphqwdu|,1 Vhfwlrq 9 zloo surylgh Wkhruhp 45/ rxu pdlq sxusrvh1 Wkhruhp 45
zloo frqvlghu d jhqhudo W +qrw qhfhvvdulo| frxqwdeoh, dqg zloo jhqhudol}h Wkhruhp 431 Krzhyhu zh
kdyh glvwlqjxlvkhg ehwzhhq frxqwdeoh dqg xqfrxqwdeoh vhwv ri gdwhv ehfdxvh Wkhruhp 43 zloo eh
uhtxluhg lq wkh surri ri Wkhruhp 451 Vhfwlrq : zloo frqfoxgh wkh duwlfoh1
   		
Ohw +￿>I>￿, eh d suredelolw| vsdfh frpsrvhg ri wkh vhw ￿/w k h￿￿dojheud I dqg wkh suredelolw|
phdvxuh ￿1 Vxssrvh wkdw W￿ ^3>4, lv d vhw +￿qlwh ru lq￿qlwh/ zlwk ￿qlwh ru lq￿qlwh krul}rq, ri
wudglqj gdwhv vxfk wkdw 3 5W +3 ghqrwlqj wkh fxuuhqw gdwh, dqg W frqwdlqv dw ohdvw wzr hohphqwv1
Dv xvxdo/ wkh duulydo ri lqirupdwlrq zloo eh surylghg e| wkh lqfuhdvlqj idplo| ^I|‘|M9 ri ￿￿dojheudv
ri ￿ vxfk wkdw If @ i>>￿j dqg ￿+^|M9 I|, @ I/ ￿+^|M9 I|,ehlqj wkh ￿￿dojheud jhqhudwhg e| wkh
dojheud ^|M9 I|1 Wkh uhvwulfwlrq ri ￿ wr I| zloo eh ghqrwhg e| ￿| iru hyhu| w 5W1
Frqvlghu q gl￿huhqw vhfxulwlhv zkrvh sulfhv zloo eh uhsuhvhqwhg e| wkh ,5?￿ydoxhg dgdswhg
vwrfkdvwlf surfhvv
iV+$>w, = $ 5 ￿>w5Wj =
Reylrxvo|
V+$>w, @ +V￿+$>w,>V 2+$>w,>===>V?+$>w,,
zkhuh V￿+$>w, 5 ,5 iru $ 5 ￿>w5W dqg m @4 >5>===>q/ dqg uhsuhvhqwv wkh sulfh ri wkh m ￿ wk
dvvhw dw w xqghu wkh vwdwh $1 Lq rughu wr vlpsoli| wkh qrwdwlrq wkh suhylrxv surfhvvhv pd| eh dovr
ghqrwhg e| V dqg V￿/ m @4 >5>===>q1 Dqdorjrxv qrwdwlrqv dqg frqyhqwlrqv zloo eh xvhg iru dq|
rwkhu ,5￿ydoxhg ru ,5?￿ydoxhg dgdswhg vwrfkdvwlf surfhvv1
Dv xvxdo/ wkh ￿uvw dvvhw zloo sod| wkh uroh ri d qxphudluh/ dqg wkhuhiruh zh zloo lpsrvh wkdw
V￿+$>w,@4 +314,
krogv iru hyhu| $ 5 ￿ dqg w 5W1
Iru d ￿{hg $ 5 ￿ wkh fruuhvsrqglqj sdwk ru wudmhfwru| ri V zloo eh ghqrwhg e| V+$>￿,/ zkloh
iru dq| ￿{hg wudglqj gdwh w 5W wkh v|pero V+￿>w, |lhogv wkh udqgrp yduldeoh surylglqj xv zlwk
sulfhv dw w1 Vlplodu qrwdwlrqv zloo eh xvhg lq vlplodu vlwxdwlrqv1
Frqvlghu duelwudu| dq ￿qlwh vxevhwv iwf @3?w ￿ ?= = =?w &j￿W1 Iru vxfk d vxevhw frqvlghu
dq| vwrfkdvwlf surfhvv
{ =￿￿i 3 ?w ￿ ?= = =?w &j￿ $,5?
dgdswhg wr wkh ￿owudwlrq ^I|‘|Mtf￿|￿￿￿￿￿￿|&￿1 Wkhq/ { lv vdlg wr eh d vhoi0￿qdqflqj sruwirolr li
^{+$>w￿, ￿ {+$>w￿3￿,‘V+$>w￿, @3 +315,
￿ ￿ d=v= dqg l @4 >5>===>n1 4 Wkh vhw ri vhoi0￿qdqflqj sruwirolrv zloo eh ghqrwhg e| D1
4 Qrwlfh wkdw surgxfwv lq +315, duh vfdodu +ru lqqhu, surgxfwv ri W+
?1
5Ohw { 5D 1 Lw pd| eh hdvlo| suryhg wkdw wkh deryh vhw ri wudglqj gdwhv pd| eh h{whqghg e|
dgglqj d ￿qlwh qxpehu ri hohphqwv ri W dqg wkh frqyhqwlrq {+￿>w ￿, ￿ {+￿>w ￿3￿,@3li w￿ l vdq h z
hohphqw wkdw grhv qrw ehorqj wr wkh lqlwldo ￿qlwh vhw ri wudglqj gdwhv1 Wkhuhiruh lw lv hdv| wr vkrz
wkdw ￿￿{￿ .￿2{2 5Dli {￿ 5Ddqg ￿￿ 5 ,5/ l @4 >5=
Li { 5Dwkhq
￿+{, @ {+$>3,V+$>3, 5 ,5
zloo eh lwv fxuuhqw sulfh/ zkloh wkh I|&￿phdvxudeoh udqgrp yduldeoh
{+$>w&,V+$>w&,
zloo eh lwv ￿qdo sd|0r￿ dqg zloo eh ghqrwhg e| ￿+{,/r u￿+{,+$, li qhfhvvdu|1
Dv xvxdo/ dq duelwudjh sruwirolr doorzv wudghuv wr rewdlq ￿prqh| zlwkrxw ulvn￿1
Gh￿qlwlrq 4 D vhoi0￿qdqflqj sruwirolr { 5Dlv vdlg wr eh dq duelwudjh li
d, ￿+{, ￿ 3
e, ￿+{,+$, ￿ 3/ ￿ ￿d=v=
f, ￿+$ 5 ￿= ￿ +{,+$, ￿ ￿+{, A 3, A 31 ￿
Khuhdiwhu zh zloo dvvxph hvvhqwldoo| erxqghg sulfhv/ l=h=/ V￿+￿>w, 5 O"+I|, iru m @4 >5>===q
dqg w 5W1 Wkxv iru hyhu| w 5W wkhuh h{lvwv d ￿￿qxoo vhw ]| 5I | vxfk wkdw wkh lqhtxdolw|
nV+$>w,n￿n V+￿>w,n" +316,
krogv iru hyhu| $ 5 ￿ q ]|1
Jlyhq w>v 5W/ w ￿ v/ lw pdnhv vhqvh wr lqwurgxfh wkh frqglwlrqdo h{shfwdwlrq ri V+￿>v, zlwk
uhvshfw wr I| dqg zloo eh ghqrwhg e| H> +V+￿>v,mI|,1 Vlplodu qrwdwlrqv zloo eh xvhg iru vlplodu
fdvhv1
Gh￿qlwlrq 5 Jlyhq d ￿qlwh vhw i3 ?w ￿ ?= = =?w &j￿W dqg d suredelolw| phdvxuh ￿ = I|& :￿$ ^3>4‘






@ V+￿>w ￿, +317,
zkhqhyhu l>m @3 >4>===>n dqg l ￿ m1 ￿
Wkh devhqfh ri duelwudjh dqg wkh IWDS jxdudqwhh wkh h{lvwhqfh ri pduwlqjdoh phdvxuhv rq dq|
￿qlwh vhw ri wudglqj gdwhv +vhh iru lqvwdqfh Gdodqj hw do1 +4<<3,/ Vfkdfkhupd|hu +4<<5, ru Mdfrg
dqg Vklu|dhy +4<<;,,1
Wkhruhp 4 Wkh prgho lv duelwudjh iuhh li dqg rqo| li wkhuh h{lvwv d pduwlqjdoh phdvxuh rq hyhu|
￿qlwh vhw i3 ?w ￿ ?= = =?w &j￿W1 ￿
Ghvslwh wkh suhylrxv uhvxow/ wkh frxqwhu0h{dpsoh ri Edfn dqg Solvnd +4<<4, srlqwv rxw wkdw
wkh pduwlqjdoh phdvxuh ghshqgv rq i3 ?w ￿ ?= = =?w &j/ l=h=/ lq jhqhudo/ lw lv qrw srvvleoh wr ￿qg
￿ = I: ￿ $^3>4‘ htxlydohqw wr ￿ dqg vxfk wkdw +317, krogv iru hyhu| w￿/ w￿ 5W zlwk w￿ ￿ w￿1
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Lw lv zruwk wr uhfdoo vrph surshuwlhv frqfhuqlqj Udgrq phdvxuhv dqg surmhfwlyh v|vwhpv ri wrsrorjl0
fdo vsdfhv dqg phdvxuhv1 Ixuwkhu ghwdlov pd| eh irxqg lq Nhooh| +4<88,/ Erxuednl +4<9<,/ Vfkzduw}
+4<:6, ru Pxvldo +4<;3,1
Li [ lv d Kdxvgru￿ wrsrorjlfdo vsdfh dqg E uhsuhvhqwv lwv Eruho ￿￿dojheud wkhq d ￿qlwh dqg
srvlwlyh phdvxuh ￿ rq E lv vdlg wr eh d Udgrq phdvxuh li
￿+E,@Vxsi￿+N,=N ￿ E> N frpsdfwj +418,
iru hyhu| E 5E 1 Lw lv hdv| wr vkrz wkdw +418, lpsolhv
￿+E,@Lqii￿+J,=J ￿ E> J rshqj
iru hyhu| E 5E 1 Ixuwkhupruh +418, ohdgv wr wkh h{lvwhqfh ri dq rshq vxevhw J ri [ vxfk wkdw




rshq dqg vxfk wkdw ￿+J
￿
,@3 1 Lwv frpsohphqwdu| [ q J lv d
forvhg vhw fdoohg wkh vxssruw ri ￿ dqg ghqrwhg e| Vs+￿,1
Li [ lv frpsdfw wkhq wkh vhw U ri srvlwlyh dqg ￿qlwh Udgrq phdvxuhv rq E pd| eh lghqwl￿hg
zlwk wkh vhw ri ,50ydoxhg/ olqhdu/ frqwlqxrxv dqg srvlwlyh ixqfwlrqdov rq F+[, +F+[, ehlqj wkh
Edqdfk vsdfh ri ,50ydoxhg dqg frqwlqxrxv ixqfwlrqv rq [,/ dqg wkh Dodrjox*v Wkhruhp wulyldoo|
ohdgv wr wkh zhdnW￿frpsdfwqhvv ri Uf @ i￿ 5U= ￿+[, @4 j1
Wkh Kdxvgru￿ wrsrorjlfdo vsdfh [ lv vdlg wr eh d Udgrq vsdfh li hyhu| ￿qlwh dqg srvlwlyh
phdvxuh rq E lv d Udgrq phdvxuh1 Hyhu| Srolvk vsdfh +phwulf/ frpsohwh dqg vhsdudeoh, lv d
Udgrq vsdfh1 Lq sduwlfxodu/ ,5￿ lv d Udgrq vsdfh iru hyhu| frxqwdeoh vhw F/ ,5￿ ehlqj wkh vsdfh ri
,5￿ydoxhg ixqfwlrqv rq F hqgrzhg zlwk wkh vlpsoh +ru surgxfw, wrsrorj|1
Iru dq| +I>E,0phdvxudeoh ixqfwlrq i =￿$ [/ wkh phdvxuh ￿ lqgxfhv d phdvxuh rq E/ fdoohg
wkh lpdjh phdvxuh i+￿,/j l y h qe |i+￿,+D, @ ￿+i3￿+D,, iru doo D 5E 1 5 Reylrxvo| i+￿, lv Udgrq
li vr lv wkh vsdfh [1
Li [ dqg \ duh wzr frpsdfw dqg Kdxvgru￿ vsdfhv dqg i = [ $ \ lv d frqwlqxrxv ixqfwlrq
wkhq i lqgxfhv wkh qhz ixqfwlrq Uf 6 ￿ $ i+￿, 5U t / Uf dqg Ut ehlqj wkh vhwv ri ￿qlwh dqg
srvlwlyh Udgrq phdvxuhv rq [ dqg \ uhvshfwlyho|1 Lw lv hdv| wr vkrz wkdw wklv wudqvirupdwlrq lv
frqwlqxrxv li Uf dqg Ut duh hqgrzhg zlwk wkhlu uhvshfwlyh zhdnW￿wrsrorjlhv1
Ohw ￿ eh wkh rughulqj uhodwlrq ri d gluhfwhg vhw L1 Frqvlghu d idplo| ri Kdxvgru￿ wrsrorj0
lfdo vsdfhv +[￿,￿MU dqg wkh frqwlqxrxv pdsv ￿￿￿ = [￿ $ [￿>l > m5 L> l ￿ m1 Zh vd| wkdw
++[￿>￿￿￿,>l>m 5 L> l￿ m, lv d surmhfwlyh v|vwhp ri wrsrorjlfdo vsdfhv li ￿￿& @ ￿￿￿ ￿ ￿￿& iru doo






[￿ = {￿ @ ￿￿&+{&, li m>n 5 L/ m ￿ n
,
hqgrzhg zlwk wkh surgxfw wrsrorj|1 Fohduo|/ wkh fdqrqlfdo surmhfwlrqv ￿￿ = [ $ [￿/ l 5 L/d u h
frqwlqxrxv dqg yhuli| ￿￿ @ ￿￿￿ ￿ ￿￿ iru doo l>m 5 L/ l ￿ m1 [ pd| eh hqgrzhg zlwk lwv Eruho
￿￿dojheud E dqg wkh f|olqgulfdo ￿￿dojheud Ef ￿Ejhqhudwhg e|




￿ +D￿,=D￿ ￿ [￿>D ￿ rshqj
Qrwh wkdw ￿￿ lv Ef0phdvxudeoh iru hyhu| l 5 L1
Xqghu wkh qrwdwlrqv deryh/ li ￿￿ lv d Udgrq phdvxuh rq [￿ iru hyhu| l 5 L dqg ￿￿￿+￿￿, @ ￿￿ li
l>m 5 L/ l ￿ m/w k h q+￿￿,￿MU lv vdlg wr eh d surmhfwlyh v|vwhp ri Udgrq phdvxuhv1 Zh zloo vd| wkdw
+￿￿,￿MU frqyhujhv wr wkh phdvxuh ￿ = Ef ￿$ ,5 +ru ￿ lv wkh surmhfwlyh olplw ri +￿￿,￿MU ,l i￿￿+￿,@￿￿
iru hyhu| l 5 L1
Wkh iroorzlqj uhvxowv rq wkh h{lvwhqfh ri surmhfwlyh olplwv ri surmhfwlyh v|vwhpv ri Udgrq phd0
vxuhv duh dgdswhg iurp Erxuednl +4<9<, dqg Vfkzduw} +4<:6, uhvshfwlyho|1
Wkhruhp 5 Xqghu wkh qrwdwlrqv deryh/ li L @ ,1 wkhq hyhu| surmhfwlyh v|vwhp ri Udgrq phdvxuhv
+￿￿,￿MW￿ kdv d surmhfwlyh olplw ￿1 Pruhryhu/ ￿ lv xqltxh dqg fdq eh h{whqghg wr d xqltxh Udgrq
phdvxuh gh￿qhg ryhu wkh Eruho ￿￿dojheud E1 ￿
Wkhruhp 6 +Surnkrury,1 Xqghu wkh qrwdwlrqv deryh wkhuh h{lvwv d Udgrq phdvxuh ￿ = E￿ $,5
vxfk wkdw ￿￿+￿, @ ￿￿ iru hyhu| l 5 L li dqg rqo| li iru hyhu| %A3 wkhuh h{lvwv d frpsdfw vhw N ￿
[ zlwk ￿￿ +[￿ q ￿￿+N,, ?%iru hyhu| l 5 L1 Lq wkh d!updwlyh fdvh ￿ lv xqltxh1 ￿
Fruroodu| 7 Xqghu wkh qrwdwlrqv deryh li Vs+￿￿, ￿ [￿ lv frpsdfw iru hyhu| l 5 L wkhq wkhuh h{lvwv
d xqltxh Udgrq phdvxuh ￿ = E￿ $,5 vxfk wkdw ￿￿+￿, @ ￿￿ iru hyhu| l 5 L1 Ixuwkhupruh ￿ kdv d
frpsdfw vxssruw dqg Vs+￿, ￿
T
￿MU Vs+￿￿,1 ￿
Wkhuh lv d vshfldo w|sh ri surmhfwlyh v|vwhp ri Udgrq phdvxuhv forvho| uhodwhg wr vwrfkdvwlf
surfhvvhv1 Vr/ frqvlghu L @ S8+W , wkh vhw ri ￿qlwh vxevhwv ri W frqwdlqlqj i3j dqg frqvlghu wkh
rughu ri L jhqhudwhg e| wkh xvxdo lqfoxvlrq1 Iru hyhu| Y 5S 8+W , zh zloo wdnh wkh +Srolvk dqg
wkhuhiruh Udgrq, wrsrorjlfdo vsdfh +,5?,
T ri ,5?￿ydoxhg ixqfwlrqv gh￿qhg rq Y 1 Ri frxuvh/ +,5?,
T
lv hqgrzhg zlwk wkh surgxfw wrsrorj|1 Li Y>X 5S 8+W , vdwlvi| Y ￿ X wkhq ￿TL = +,5?,
L ￿$ +,5?,
T





= Y>X 5S 8+W ,>Y￿ X
￿
+719,
ri wrsrorjlfdo vsdfhv zkrvh surmhfwlyh olplw fdq eh lghqwl￿hg zlwk wkh vsdfh +,5?,
9 hqgrzhg wkh
vlpsoh wrsrorj|1 Ixuwkhupruh ￿T = +,5?,
9 ￿$ +,5?,
T lv dovr wkh vwdqgdug surmhfwlrq iru hyhu|
Y 5S 8+W ,1
Dv lq wkh jhqhudo fdvh/ wkh surmhfwlyh olplw +,5?,
9 pd| eh hqgrzhg zlwk lwv Eruho ru f|olqgulfdo
￿￿dojheudv/ ghqrwhg e| +E,
9 dqg +Ef,
9 uhvshfwlyho|1 Zkhq hqgrzhg zlwk +Ef,
9 +wkh orzhu rqh,
d ixqfwlrq i =￿$ +,5?,
9 lv phdvxudeoh li dqg rqo| li ￿T ￿ i =￿$ +,5?,
T lv phdvxudeoh iru hyhu|
Y 5S 8+W , +Irrwqrwh 5 dovr dssolhv khuh,1
Vxssrvh wkdw +￿T ,T M￿8E9 ￿ lv d surmhfwlyh v|vwhp ri Udgrq phdvxuhv dvvrfldwhg zlwk wkh deryh
surmhfwlyh v|vwhp ri wrsrorjlfdo vsdfhv1 Wkh iroorzlqj uhvxow pd| eh hvwdeolvkhg e| uhdgdswlqj
vrph vwdwhphqwv ri Nrss +4<;7,1
Wkhruhp 8 +Gdqlhoo ￿ Nroprjrury,1 Xqghu wkh qrwdwlrqv deryh wkh v|vwhp ri Udgrq phdvxuhv
+￿T ,T M￿8E9 ￿ kdv d xqltxh surmhfwlyh olplw ￿9 = +Ef,
9 ￿$ ,51
8 	    	
Dv lq wkh suhylrxv vhfwlrq/ frqvlghu L @ S8+W ,1 Ohw Y 5S 8+W , dqg ohw VT eh ixqfwlrq frqqhfwlqj
dq| vwdwh ri qdwxuh $ 5 ￿ dqg wkh uhvwulfwlrq rq Y ri wkh fruuhvsrqglqj wudmhfwru| ri wkh sulfh
surfhvv V/ l=h=/ wkh ixqfwlrq
￿ 6 $ :￿$ VT +$, 5 +,5?,
T
vxfk wkdw VT +$,+w, @ V+$>w, iru $ 5 ￿ dqg w 5 Y 1L i y lv wkh pd{lpxp ri Y / wkhq VT lv
I￿￿phdvxudeoh dqg wkhuhiruh VT +￿￿, lv d Udgrq suredelolw| phdvxuh rq +,5?,
T 1 Lq rughu wr
vlpsoli| wkh qrwdwlrq wkh suhylrxv suredelolw| phdvxuh zloo eh uhsuhvhqwhg e| VT +￿, dqg y zloo eh
rplwwhg1 Qrz lw lv vwudljkwiruzdug wr suryh wkdw
+VT +￿,,T M￿8E9 ￿ +81:,
lv d surmhfwlyh v|vwhp ri Udgrq suredelolw| phdvxuhv dvvrfldwhg zlwk +719,1 Qrwlfh wkdw wkh vxssruw





zkhuh iru hyhu| w 5W zh kdyh wkdw N| uhsuhvhqwv wkh frpsdfw edoo ri ,5? zlwk fhqwhu dw }hur dqg
udglxv htxdo wr nV+￿>w,n"1
Frqvlghu qrz wkh ixqfwlrq
￿ 6 $ :￿$ V9 +$, @ V+$>￿, 5 +,5?,
9
V+$>￿, ehlqj wkh zkroh sdwk dvvrfldwhg zlwk $1 Lw lv hdv| wr vkrz wkdw wkh suhylrxv ixqfwlrq lv
I￿phdvxudeoh li +,5?,
9 lv hqgrzhg zlwk wkh f|olqgulfdo ￿￿dojheud +Ef,
9 vlqfh/ dffruglqj wr wkh
surshuwlhv ri Vhfwlrq 6/ lw lv htxlydohqw wr vkrz wkdw ￿T ￿ V9 @ VT lv I￿phdvxudeoh iru hyhu|
Y 5S 8+W ,1 Frqvhtxhqwo| lw pdnhv vhqvh wr frqvlghu lwv lpdjh phdvxuh V9 +￿, gh￿qhg rq +Ef,
9
dqg lw lv vwudljkwiruzdug wr vkrz wkdw wkh suredelolw| phdvxuh V9 +￿, lv wkh surmhfwlyh olplw ri +81:,/
l=h=/
￿T +V9 +￿,, @ VT +￿, +81<,
iru hyhu| Y 5S 8+W ,1 Pruhryhu Fruroodu| 7 dqg +81;, suryh wkdw V9 +￿,/ surmhfwlyh olplw ri
+VT +￿,,T M￿8E9 ￿/ pd| eh h{whqghg wr d xqltxh Udgrq phdvxuh gh￿qhg rq +E,
9 1 Li wkhuh lv qr






Qh{w ohw xv lqwurgxfh wkh surmhfwlyh sulfh surfhvv1 Vr/ iru hyhu| ’ 5 +,5?,
9 dqg hyhu| w 5W zh
fdq gh￿qh
VW+’>w, @ ’+w,=
Rqh fdq frqvlghu wkh ￿owudwlrq ^IW
| ‘|M9 rq +,5?,
9 vxfk wkdw IW
| lv wkh vpdoohvw ￿￿dojheud iru zklfk
VW+￿>w ￿, lv IW
| ￿phdvxudeoh li w￿ 5W dqg w￿ ￿ w1 E| frqvwuxfwlrq ^IW
| ‘|M9 lv lqfuhdvlqj dqg doo
ri wkhp duh lqfoxghg lq wkh f|olqgulfdo ￿￿dojheud +Ef,
9 ehfdxvh wkh udqgrp yduldeoh VW+￿>w, lv
fohduo| +Ef,
9 ￿phdvxudeoh iru hyhu| w 5W1
Rxu pdmru remhfwlyh lv wr hvwdeolvk wkh h{lvwhqfh ri d suredelolw| phdvxuh ￿ = +Ef,
9 ￿$ ^3>4‘
vr wkdw wkh surmhfwlyh sulfh surfhvv VW fdq eh d pduwlqjdoh zlwk uhvshfw wr ￿/ vroylqj wklv zd|
9wkh gudzedfn srlqwhg rxw diwhu Wkhruhp 41 Ehvlghv ￿ dqg V9 +￿, vkrxog vdwlvi| ￿vrph nlqg ri
htxlydohqfh￿/ vlqfh wkh h{lvwhqfh ri Udgrq0Qlnrg|q ghqvlwlhv vhhpv wr eh ghvludeoh1 Zh zloo vkrz
wkdw wkh frpsohwh htxlydohqfh ehwzhhq erwk suredelolw| phdvxuhv grhv qrw qhfhvvdulo| krog lq
jhqhudo exw zh fdq lqwurgxfh d zhdnhu frqfhsw1 Wkxv iroorzlqj wkh dssurdfk ri Edoe￿v hw do1
+5335,/ zh kdyh=
Gh￿qlwlrq 6 Wzr duelwudu| suredelolw| phdvxuhv ￿ = +Ef,
9 ￿$ ^3>4‘ dqg ￿ = +Ef,
9 ￿$ ^3>4‘ duh
vdlg wr eh surmhfwlyho| htxlydohqw li ￿T +￿, dqg ￿T +￿, duh htxlydohqw iru hyhu| Y 5S 8+W ,1 ￿
Reylrxvo|/ li ￿ dqg ￿ duh htxlydohqw wkhq wkh| duh surmhfwlyho| htxlydohqw wrr1 Lw zloo eh vkrzq
wkdw wkh frqyhuvh grhv qrw krog lq jhqhudo +vhh dovr Edoe￿v hw do1 +5335,,1
Lq rughu wr hvwdeolvk wkh h{lvwhqfh ri surmhfwlyho| htxlydohqw pduwlqjdoh phdvxuhv lw lv frqyhqlhqw
wr wudqvodwh wkh duelwudjh devhqfh lq whupv ri wkh surmhfwlyh sulfh surfhvv VW1V rz hs u h v h q wdu h v x o w
zkrvh surri lv yhu| vlpsoh dqg wkhuhiruh rplwwhg1
Sursrvlwlrq 9 Li wkh lqlwldo sulfh surfhvv V lv duelwudjh iuhh wkhq wkh surmhfwlyh sulfh surfhvv VW
lv duelwudjh iuhh1 ￿
Wkh surmhfwlyh sulfh surfhvv kdv ehhq exlow zlwkrxw lpsrvlqj vshfldo dvvxpswlrqv rq wkh vhw ri
wudglqj gdwhv W 1 Lq sduwlfxodu/ W pljkw eh ￿qlwh1 Frqvhtxhqwo|/ wkh surfhgxuh dovr dssolhv zkhq
frqvlghulqj dq| Y 5S 8+W , lqvwhdg ri W 1L qv x f kdf d v h /l iw 5 Y wkhq IT W
| ghqrwhv wkh vpdoohvw
￿￿dojheud ri +,5?,
T doorzlqj wkh qdwxudo vhfwlrqv +wkh surmhfwlyh sulfh surfhvv, +,5?,
T 6 ’ ￿$
VT W+’>w￿, @ ’+w￿, 5 ,5? wr eh IT W






lv d lqfuhdvlqj ￿owudwlrq1
Qh{w zh zloo wudqvodwh Wkhruhp 6 lqwr wkh surmhfwlyh v|vwhp vhwwlqj1 Rqfh djdlq zh rplw wkh
surri1
Sursrvlwlrq : Ohw Y @ iwf @3?w ￿ ?= = =?w &j5S 8+W , dqg ohw ￿ eh d pduwlqjdoh phdvxuh lq
wkh vhqvh ri Gh￿qlwlrq 51 Wkhq ￿W




VT W+￿>w ￿,mIT W
|￿
￿
@ VT W+￿>w ￿,> +:144,
l>m @3 >4>===>n/ l ￿ m1 Pruhryhu ￿W
T kdv d frpsdfw vxssruw lqfoxghg lq
T
|MT N| ￿
Dv d frqvhtxhqfh ri wkh odwwhu sursrvlwlrq li zh zhuh deoh wr exlog d surmhfwlyh v|vwhp e|
￿fruuhfwo| frqqhfwlqj ￿W
T dv Y jurzv￿ wkhq wkh surmhfwlyh olplw/ zkrvh h{lvwhqfh lv jxdudqwhhg e|
Fruroodu| 7/ frxog eh dq dghtxdwh fdqglgdwh wr eh rxu ￿ulvn0qhxwudo pduwlqjdoh phdvxuh￿1 Wkh
frqvwuxfwlrq ri wklv surmhfwlyh v|vwhp zloo eh wkh pdmru jrdo ri Vhfwlrqv 8 dqg 91
! "	  	#  
Wkurxjkrxw wklv vhfwlrq zh zloo dvvxph wkdw lv W frxqwdeoh1 Wkxv wkhuh h{lvwv d elmhfwlrq ￿=
,1 #$W vxfk wkdw ￿+3, @3 1 Ghqrwh w6 @￿ +p, iru hyhu| p 5 ,11 Wkhq wkh htxdolw| ,1 @ ^"
6’￿i3>4>===>pj




6’￿W6/ zkhuh W6 ghqrwhv wkh ￿qlwh vhw i3>w ￿>===>w6j1
Khqfh wkh iroorzlqj uhvxow kdv ehhq vwdwhg=





dqg 3 5W 6 iru hyhu| p 5 ,11 Ixuwkhupruh/ +,5?,
9 fdq eh lghqwl￿hg zlwk wkh surmhfwlyh olplw ri wkh
surmhfwlyh v|vwhp ri wrsrorjlfdo vsdfhv
￿
++,5?,
9o >￿ocr, = u> v 5 ,1>u￿ v
￿
+;146,
zkhuh ￿ocr ghqrwhv wkh vwdqgdug surmhfwlrq ri +,5?,
9r rqwr +,5?,
9o1 ￿
Wkh vhtxhqfh ri +;145, dqg wkh v|vwhp +;146, zloo eh ￿{hg wkurxjkrxw wklv vhfwlrq1 Wr vlpsoli|
wkh qrwdwlrq +,5?,
9o zloo eh uhsuhvhqwhg e| +,5?,o iru hyhu| u 5 ,11
Vxssrvh wkdw wkh lqlwldo prgho lv duelwudjh iuhh dqg ￿{ u 5 ,11 Sursrvlwlrq : hqvxuhv wkh h{lvwhqfh
ri Udgrq suredelolw| phdvxuhv ￿W
o rq dq| +,5?,o htxlydohqw wr ￿T +V9 +￿,, dqg zlwk vxssruw lqfoxghg
lq
T
|M9o N|/ vxfk wkdw wkh uhvwulfwlrq wr +,5?,o ri wkh surmhfwlyh sulfh surfhvv lv d pduwlqjdoh
zlwk uhvshfw wr wkh ￿owudwlrq +IoW
| ,|M9o1 6 Frqvlghu wkh vhw Poo ri Udgrq suredelolw| phdvxuhv
yhuli|lqj wkhvh surshuwlhv1 Qrz li v ￿ u frqvlghu Por @ ￿or+Prr, @ i￿or+￿W
r, = ￿W
r 5P rrj dqg lw




Ohppd < Wkh vhwv Poo dqg Po duh qrq yrlg dqg zhdnW￿frpsdfw iru hyhu| u 5 ,11
Surri1 Sursrvlwlrq : jxdudqwhhv wkdw Prr lv qrq yrlg iru hyhu| v ￿ u1 Pruhryhu/ hyhu| suredelolw|
phdvxuh ri Prr kdv d frpsdfw vxssruw lqfoxghg lq
T
|M9r N| vr wkh| fdq eh frqvlghuhg Udgrq
phdvxuhv rq wklv frpsdfw vsdfh1 Lw lv hdv| wr vhh wkdw Prr lv zhdnW￿forvhg1 Wkhq wkh uhvxowv ri
Vhfwlrq 6 vkrz wkdw Prr lv zhdnW￿frpsdfw dqg wkh zhdnW￿frqwlqxlw| ri Prr 6 ￿W
r $ ￿or+￿W
r, 5
Poo +vhh Vhfwlrq 6, vkrzv wkdw hyhu| Por lv zhdnW￿frpsdfw1 Wkxv lw lv vx!flhqw wr vkrz
wkdw hyhu| ￿qlwh vxevhw ri iPor = v ￿ uj kdv qrq yrlg lqwhuvhfwlrq1 Exw jlyhq dq| ￿qlwh vxevhw
iPor = v @ v￿ Av 2 A= = =Av & ￿ uj rqh fdq wdnh vf ￿ v￿ dqg zh kdyh wkdw >9 @ ￿orf +Prfrf,@




iru m @4 >5>===>n1 ￿
Wkhruhp 43 Vxssrvh wkdw W lv frxqwdeoh1 Li wkh lqlwldo prgho lv duelwudjh0iuhh wkhq wkhuh h{lvwv d
Udgrq suredelolw| phdvxuh ￿W rq +,5?,
9 vxfk wkdw Vs+￿W, ￿
T
|M9 N|/ ￿W dqg V9 +￿, duh surmhfwlyho|
htxlydohqw dqg wkh surmhfwlyh sulfh surfhvv VW l vdp d u w l q j d o hz l w ku h v s h f ww r￿W dqg wkh lqfuhdvlqj
￿owudwlrq ^IW
| ‘|M9 1
Surri1 Frqvlghu K frpsrvhg ri wkrvh hohphqwv
￿
+￿W
o,oM￿ = S ￿ ,1/ ￿W
o 5P o dqg ￿or+￿W
r, @ ￿W
o li u> v 5 S dqg u ￿ v
￿
= +43147,
Wkh odwwhu ohppd suryhv wkdw K lv qrq yrlg1 Frqvlghu wkh qdwxudo rughu ri K/ l=h=/ d qhz hohphqw
ri K lv juhdwhu wkdq wkh hohphqw deryh li S lqfuhdvhv wr S￿ dqg wkh suhylrxv phdvxuhv ￿W
o uhpdlq
frqvwdqw iru u 5 S1L wl vh d v |w rv h hw k d wK lv lqgxfwlyh/ vr wkh ]ruq*v Ohppd hqvxuhv wkh h{lvwhqfh
ri d pd{lpdo hohphqw1 Vxssrvh wkdw +43147, lv wklv pd{lpdo1 Li S lv fr￿qdo zlwk ,1 wkhq lw lv hdv|




| 1 Dqdorjrxvo|/ 7
oW
| zloo uhsuhvhqw 7
9uW
| 1
;wr vhh wkdw +43147, lv d surmhfwlyh v|vwhp ri Udgrq phdvxuhv zkrvh dvvrfldwhg surmhfwlyh v|vwhp
ri wrsrorjlfdo vsdfhv kdv d surmhfwlyh olplw wkdw fdq eh lghqwl￿hg zlwk +,5?,
9 1 Pruhryhu/ Wkhruhp
5 hqvxuhv wkh h{lvwhqfh ri ￿W/ surmhfwlyh olplw ri +￿W
o,oM￿/ dqg lw lv hdv| wr suryh wkdw ￿W vdwlv￿hv
wkh uhtxluhg frqglwlrqv1 Lq sduwlfxodu/ Vs+￿W, ￿
T
|M9 N| wulyldoo| iroorzv iurp +8143, dqg wkh
surmhfwlyh htxlydohqfh ehwzhhq ￿W dqg V9 +￿,1
Vxssrvh wkdw S lv qrw fr￿qdo1 Wkhq wkhuh h{lvwv lwv pd{lpxp ydoxh u 5 S1 Vlqfh ￿W
o 5P or iru
hyhu v ￿ u/v h w+￿W
r,
"
r’o vxfk wkdw ￿W






on￿cr @ ￿on￿cr +￿W
r, +43149,






iru hyhu| v ￿ u1 Li zh zhuh deoh
wr suryh wkh h{lvwhqfh ri ￿W



















r’on￿ dqg wdnlqj lqwr dffrxqw wkdw +43149,
ohdgv wr
￿W
on￿cr 5P on￿cr ￿P on￿con￿ +4314;,
iru hyhu| v ￿ u .4 / rqh kdv wkdw ￿W
on￿ 5P on￿ @
" _
r’on￿
Pon￿cr iurp zkhuh +4314:, jhqhudwhv d
frqwudglfwlrq vlqfh +43147, lv qrw pd{lpdo1 Wkxv S pxvw eh fr￿qdo1
Lw rqo| uhpdlqv wr suryh wkh h{lvwhqfh ri wkh djjorphudwlrq srlqw ￿W
on￿ exw wklv lv dq reylrxv
frqvhtxhqfh ri +4314;, dqg wkh zhdnW￿frpsdfwqhvv ri Pon￿con￿1 ￿
Wkhruhp 43 zloo eh h{whqghg lq Wkhruhp 45/ zkhuh wkh vhw W grhv qrw kdyh wr eh frxqwdeoh1
Wkh surri ri Wkhruhp 45 zloo uhtxluh wkh frxqwdeoh fdvh/ vr wklv uhvxow fdqqrw eh holplqdwhg1
Ehvlghv zh fdq qrw dyrlg wkh ]ruq*v Ohppd wr suryh Wkhruhp 451 Wkxv zh kdyh ghflghg wr xvh
wklv ohppd iru wkh frxqwdeoh fdvh/ vlqfh wklv zd| zh kdyh ￿txlwh sdudooho￿ surriv1 Qhyhuwkhohvv lw lv
zruwk wr uhpdun wkdw plqru prgl￿fdwlrqv ri wkh surri deryh fdq doorz xv wr xvh d vlpsoh lqgxfwlrq
phwkrg udwkhu wkdq wkh ]ruq*v Ohppd1 Wkhuhiruh/ d pruh frqvwuxfwlyh surri ri Wkhruhp 43 pd|
eh dydlodeoh1 Ilqdoo| qrwlfh wkdw wkhuh duh frxqwdeoh vhwv wkdw duh ghqvh lq wkh uhdo olqh/ zklfk
+xqghu vshfldo dvvxpswlrqv vxfk dv frqwlqxrxv sdwkv, pljkw ohdg wr qhz surriv ri Wkhruhp 45 wkdw
gr qrw uhtxluh wkh ]ruq*v Ohppd/ exw vwulfwo| zhdnhu d{lrpv1
Dv vdlg lq wkh lqwurgxfwlrq wklv uhvxow h{whqgv wkrvh ￿qglqjv ri Edoe￿v hw do1 +5335,/ vlqfh wkhuh
duh qr dgglwlrqdo frqglwlrqv rq wkh frxqwdeoh vhw W 1 Qhyhuwkhohvv wkhuh duh pdq| uhodwlrqvklsv
ehwzhhq erwk dqdo|vhv1 Vr/ lq erwk fdvhv wkh surmhfwlyh v|vwhp dssurdfk kdv hqodujhg wkh vhw ri
vwdwhv ri wkh zruog vr wkdw wkh qhz vhw ri vwdwhv fdq frqwdlq wkh zkroh idplo| ri ihdvleoh sdwkv ri wkh
sulfh surfhvv +qrwlfh wkdw wkh qhz vhw ri vwdwhv ri qdwxuh lv +,5?,
9 lq wkh suhvhqw fdvh,1 Dv srlqwhg
rxw lq Edoe￿v hw do1 +5335,/ wklv idfw lpsolhv wkdw ￿W dqg V9 +￿, fdqqrw eh htxlydohqw vlqfh ￿W pxvw
ydqlvk ryhu wkh vhw ri qhz vwdwhv wkdw fdq qrw eh lghqwl￿hg zlwk dq| $ 5 ￿1 Frqvhtxhqwo| zh kdyh
wkdw wkh frqfhsw ri surmhfwlyh htxlydohqfh lv vwulfwo| zhdnhu wkdq wkh frqfhsw ri htxlydohqfh +vhh
Edoe￿v hw do1 +5335, iru ixuwkhu ghwdlov,1
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Dv lq wkh suhylrxv vhfwlrq lw zloo eh yhu| xvhixo wr ghdo zlwk surmhfwlyh v|vwhpv dvvrfldwhg zlwk
wrwdoo| rughuhg gluhfwhg vhwv frpsrvhg ri vxevhwv ri W 1 Iru wklv uhdvrq zh vwduw e| uhsuhvhqwlqj W
dv wkh xqlrq ri d fkdlq ri frxqwdeoh vhwv1
Ohppd 44 Vxssrvh wkdw W lv qrw frxqwdeoh1 Wkhuh h{lvwv d wrwdoo| rughuhg fkdlq ri frxqwdeoh
vxevhwv ri W zkrvh xqlrq htxdov W 1L i+Wk,kM{ lv vxfk d fkdlq wkhq/ xqghu wkh qdwxudo qrwdwlrqv/
+,5?,
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Surri1 Dowkrxjk lw lv srvvleoh wr |lhog d jhqhudo surri/ lq rughu wr pdnh lw hdv| zh zloo dvvxph
wkh Frqwlqxxp K|srwkhvlv1 Zkhqfh dq| lq￿qlwh vxevhw ri ,5 lv frxqwdeoh ru elmhfwlyh zlwk ,51
Frqvlghu K wkh vhw ri wrwdoo| rughuhg fkdlqv ri frxqwdeoh vxevhwv ri W hqgrzhg zlwk xvxdo rughu
jhqhudwhg e| wkh lqfoxvlrq1 Lw lv hdv| wr vhh wkdw K lv lqgxfwlyh dqg wkhuhiruh wkh ]ruq*v Ohppd
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suryhv wkh ￿uvw sduw ri wkh vwdwhphqw1 Wkh uhpdlqghu ri wklv ohppd lv wulyldo1 ￿
Wkhruhp 45 Li wkh lqlwldo prgho lv duelwudjh0iuhh wkhq wkhuh h{lvwv d Udgrq phdvxuh ￿W rq +,5?,
9
vxfk wkdw ￿W dqg V9 +￿, duh surmhfwlyho| htxlydohqw dqg wkh surmhfwlyh sulfh surfhvv VW lv d pduwlqjdoh
zlwk uhvshfw wr ￿W dqg wkh lqfuhdvlqj ￿owudwlrq ^IW
| ‘|M9 11
Surri1 Vxssrvh wkdw wkh prgho lv duelwudjh iuhh1 Wkhruhp 43 vkrzv wkh h{lvwhqfh ri d pduwlqjdoh
phdvxuh li W lv frxqwdeoh1 Frqvhtxhqwo| ohw xv vxssrvh wkdw W lv qrw frxqwdeoh dqg ohw +Wk,kM{ eh
wkh fkdlq zkrvh h{lvwhqfh lv jxdudqwhhg e| wkh odwwhu ohppd1 Wkhruhp 43 jxdudqwhhv wkh h{lvwhqfh
ri Udgrq pduwlqjdoh phdvxuhv ￿W
k rq hyhu| +,5?,k wkdw duh surmhfwlyho| htxlydohqw wr Vk+￿, dqg kdv
d vxssruw lqfoxghg lq
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Fohduo| K lv qrq yrlg dqg lqgxfwlyh1 Vxssrvh wkdw +4514<, lv pd{lpdo lq K1L i￿ ￿ lv fr￿qdo lq ￿
wkhq lw lv hdv| wr vhh wkdw wkh surmhfwlyh olplw ri +4514<,/ zkrvh h{lvwhqfh iroorzv iurp Fruroodu|
7/ vdwlv￿hv wkh uhtxluhg frqglwlrqv1 Ohw xv suryh wkdw ￿ ￿ lv fr￿qdo lq ￿1 Rwkhuzlvh wkhuh h{lvwv
￿ 5 ￿ q ￿ ￿ wkdw lv qhyhu orzhu wkdq dq| hohphqw ri ￿ ￿1 Vlqfh ￿ lv wrwdoo| rughuhg ￿ ￿ ￿ iru hyhu|
￿ 5 ￿ ￿1 Vlqfh ￿W
k 5P k wkhuh h{lvwv ￿W
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iru hyhu| ￿ 5 ￿ ￿1 Wkh frqvwuxfwlrq deryh pd| eh uhshdwhg iru hyhu| ￿ 5 ￿/ ￿ ￿ ￿/ dqg wkhuhiruh
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Uhsuhvhqwdwlrq Wkhruhpv kdyh vkrzq wr eh fuxfldo lq Pdwkhpdwlfdo Ilqdqfh1 Uhjduglqj sulflqj
uxohv ri shuihfw pdunhwv/ iru dq lq￿qlwh qxpehu ri wudglqj gdwhv wkh fkdudfwhul}dwlrq ri wkh devhqfh
ri duelwudjh e| wkh h{lvwhqfh ri htxlydohqw pduwlqjdoh phdvxuhv suhvhqwv vrph gl!fxowlhv/ dqg wkh
sulfh surfhvv ri wkh dvvhwv qhhgv ohvv lqwxlwlyh qrwlrqv vxfk dv ￿qr iuhh oxqfk￿ ru ￿qr iuhh oxqfk
zlwk erxqghg ulvn￿/ jhqhudol}lqj wkh frqfhsw ri ￿qr duelwudjh￿1 Pruhryhu vrph frqvwudlqwv rq wkh
wudmhfwrulhv ri wkh sulfh surfhvv duh xvxdoo| uhtxluhg1
Wklv sdshu gudzv rq wkh surmhfwlyh v|vwhp dssurdfk dqg hvwdeolvkhv wkh htxlydohqfh ehwzhhq wkh
devhqfh ri duelwudjh dqg wkh h{lvwhqfh ri pduwlqjdoh phdvxuhv1 Wkh htxlydohqfh krogv xqghu txlwh
jhqhudo dvvxpswlrqv vlqfh wkhuh duh qr frqglwlrqv rq wkh vhw ri wudglqj gdwhv ru rq wkh wudmhfwrulhv
ri wkh sulfh surfhvv1
Wkh surmhfwlyh v|vwhp dssurdfk doorzv xv wr hqodujh wkh vhw ri vwdwhv ri qdwxuh dqg wr lghq0
wli| wklv vhw dqg wkh vhw ri ihdvleoh wudmhfwrulhv1 Wkxv d frpsohwh htxlydohqfh ehwzhhq wkh lqlwldo
suredelolw| phdvxuh dqg wkh pduwlqjdoh phdvxuh grhv qrw krog lq jhqhudo1 Krzhyhu wkh h{lvwhqfh
ri ghqvlwlhv ehwzhhq wkh ￿uhdo￿ suredelolwlhv dqg wkh ￿ulvn0qhxwudo￿ suredelolwlhv lv jxdudqwhhg e|
lqwurgxflqj wkh frqfhsw ri ￿surmhfwlyh htxlydohqfh￿/ lq wkh vhqvh wkdw erwk wkh pduwlqjdoh phdvxuh
dqg wkh lqlwldo suredelolw| phdvxuh jhqhudwh htxlydohqw surmhfwlrqv1
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^4‘ Duw}qhu/ S1/ I1 Ghoedhq/ M1P1 Hehu dqg G1 Khdwk/ 4<<</ ￿Frkhuhqw phdvxuhv ri ulvn/￿ Pdwkh0
pdwlfdo Ilqdqfh/ </ 6/ 536055;1
^5‘ Edfn/ N1 dqg V1U1 Solvnd/ 4<<4/ ￿Rq wkh ixqgdphqwdo wkhruhp ri dvvhw sulflqj zlwk dq lq￿qlwh
vwdwh vsdfh/￿ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 53/ 4￿4;1
^6‘ Edoe￿v/ D1/ P1 Plu￿v dqg P1M1 Px￿r}0Erx}r/ 5335/ ￿Surmhfwlyh v|vwhp dssurdfk wr wkh pdu0
wlqjdoh fkdudfwhul}dwlrq ri wkh devhqfh ri duelwudjh/￿ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/6 : /
7/ 64406561
^7‘ Erxuednl/ Q1/ 4<9</ Ho￿phqwv gh pdwk￿pdwltxh1 Fkdslwuh L[/ Lqw￿judwlrq1 Gl￿xvlrq F1F1O1V1/
Sdulv1
44^8‘ Fkdpehuodlq/ J1 dqg P1 Urwkvfklog/ 4<;6/ ￿Duelwudjh/ idfwru vwuxfwxuh/ dqg phdq0yduldqfh
dqdo|vlv rq odujh dvvhwv/￿ Hfrqrphwulfd/ 84/ 45;4046371
^9‘ Fkdwhdxqhxi/ D1/ U1 Ndvw dqg D1 Odslhg/ 4<<9/ ￿Fkrtxhw sulflqj iru ￿qdqfldo pdunhwv zlwk
iulfwlrqv/￿ Pdwkhpdwlfdo Ilqdqfh/9 /6 /6 5 6 0 6 6 3 1
^:‘ Fodun/ V1D1/ 4<<6/ ￿Wkh ydoxdwlrq sureohp lq duelwudjh sulfh wkhru|/￿ Mrxuqdo ri Pdwkhpdwlfdo
Hfrqrplfv/ 55/ 8/ 79607:;1
^;‘ Gdodqj/ U1 F1/ D1 Pruwrq dqg Z1 Zloolqjhu/ 4<<3/ ￿Htxlydohqw pduwlqjdoh phdvxuhv dqg
qr0duelwudjh lq vwrfkdvwlf vhfxulwlhv pdunhw prghov/￿ Vwrfkdvwlfv dqg Vwrfkdvwlf Uhsruwv/5 < /
4;8￿5341
^<‘ Ghoedhq/ I1 dqg Z1 Vfkdfkhupd|hu/ 4<<;/ ￿Wkh ixqgdphqwdo wkhruhp ri dvvhw sulflqj iru
xqerxqghg vwrfkdvwlf surfhvvhv/￿ Pdwkhpdwlvfkh Dqqdohq/ 645/ 5/ 548￿5831
^43‘ Kdqvhq/ O1S1 dqg U1 Mdjdqqdwkdq/ 4<<:/ ￿Dvvhvvlqj vshfl￿fdwlrq huuruv lq vwrfkdvwlf glvfrxqw
idfwru prghov/￿ Wkh Mrxuqdo ri Ilqdqfh/ 85/ 5/ 89:08<31
^44‘ Kduulvrq/ M1 dqg G1 Nuhsv/ 4<:</ ￿Pduwlqjdohv dqg duelwudjh lq pxowlshulrg vhfxulwlhv pdunhwv/￿
Mrxuqdo ri Hfrqrplf Wkhru|/ 53/ 6;4073;1
^45‘ Mdfrg/ M1 dqg D1 Vklu|dhy/ 4<<; ￿Orfdo pduwlqjdohv dqg wkh ixqgdphqwdo dvvhw sulflqj wkhruhpv
lq wkh glvfuhwh0wlph fdvh/￿ Ilqdqfh dqg Vwrfkdvwlfv/ 5/ 6/ 58<￿5:61
^46‘ Mrxlql/ H1 dqg K1 Ndoodo/ 4<<8/ ￿Pduwlqjdohv dqg duelwudjh lq vhfxulwlhv pdunhwv zlwk wudqvdf0
wlrq frvwv/￿ Mrxuqdo ri Hfrqrplf Wkhru|/ 99/ 4:;04<:1
^47‘ Nhooh|/ M1/ 4<88/ Jhqhudo wrsrorj|1 G1 Ydq Qruvwudqg Frpsdq| Lqg1 Qhz \run1
^48‘ Nrss/ S1H1/ 4<;7/ Pduwlqjdohv dqg vwrfkdvwlf lqwhjudov1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdp0
eulgjh1
^49‘ Pxvldo/ N1/ 4<;3/ ￿Surmhfwlyh olplwv ri shuihfw phdvxuh vsdfhv/￿ Ixqgdphqwd Pdwkhpdwlfdh/
73/ 496￿4;<1
^4:‘ Vfkdfkhupd|hu/ Z1/ 4<<5/ ￿D Kloehuw vsdfh surri ri wkh ixqgdphqwdo wkhruhp ri dvvhw sulflqj
lq ￿qlwh glvfuhwh wlph/￿ Lqvxudqfh= Pdwkhpdwlfv dqg Hfrqrplfv/ 44/ 7/ 57<￿58:1
^4;‘ Vfkdfkhupd|hu/ Z1/ 4<<7/ ￿Pduwlqjdoh phdvxuhv iru glvfuhwh0wlph surfhvvhv zlwk lq￿qlwh krul0
}rq/￿ Pdwkhpdwlfdo Ilqdqfh/7 /4 /5 8 ￿ 8 8 1
^4<‘ Vfkzduw}/ O1/ 4<:6/ Udgrq phdvxuhv rq duelwudu| wrsrorjlfdo vsdfhv dqg f|olqgulfdo phdvxuhv1
R{irug Xqlyhuvlw| Suhvv1 Orqgrq1
45